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Automata Theory

Seminal results from [Büc60; Tra66;
Kle56; Elg61]
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Aperiodic
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[MP71; Sch65]
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Beyond Automata

Extending these results...

Σ∗ → B
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Beyond Automata

Extending these results...

Σ∗ → B

Quantitative

Σ∗ → (A,+,×)

Functional

Σ∗ → Γ∗

(N,+,×) {1}∗≃
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N-weighted automaton

pstart q

0 5

a : 1 a : 1

a : 2

f : {a}∗ → N
f(w) 7→ 10(|w| − 1)
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N-polyregular function
φ(x1, . . . , xn) ∈ MSO

#φ : Σ∗ → N

f =
∑

λi︸︷︷︸
∈N

×#φi

A. Lopez – Polynomials and Weighted Automata2025-03-05 [STACS, Jena]

9/45



Unary Polyregular Functions

An easier setting, and a subclass of
weighted automata! [Sch62]

N-polyregular function
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Unary Polyregular Functions

An easier setting, and a subclass of
weighted automata! [Sch62]

N-polyregular function
∑n

i=1 αi#φiw 7→ |w|3 + 5|w|
w 7→ |w|a × |w|b
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Unary Polyregular Functions

An easier setting, and a subclass of
weighted automata! [Sch62]

N-polyregular function
∑n

i=1 αi#φiw 7→ |w|3 + 5|w|
w 7→ |w|a × |w|b

w 7→ 2|w||w|Polynomial Growth N-weighted automaton∧

⇐
⇒
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Unary Polyregular Functions

An easier setting, and a subclass of
weighted automata! [Sch62]

N-polyregular function
∑n

i=1 αi#φiw 7→ |w|3 + 5|w|
w 7→ |w|a × |w|b

w 7→ 2|w||w|∃k ∈ N.f(w) = O(|w|k) N-weighted automaton∧

⇐
⇒
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All protagonists

With open problems from [Dou23;
Kar77]

NSF

SF

NPoly

Poly

NWA
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With open problems from [Dou23;
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ZSF ∩ NPoly = NSF?
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Simplify further:
commutative input
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Commutative Input?

Σ∗ Zf
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Commutative Input?

Σ∗ Zf

σ

f(abab) = f(aabb)
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Commutative Input?

Σ∗ Zf

NΣ

f(w) = |w|a

f(w) = (|w|a − 1)2

f(w) = (|w|a − |w|b)2

In particular: polynomials in N[X⃗] (resp. Z[X⃗])
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All protagonists

With open problems from [Dou23;
Kar77]

ZSF ZPoly ZWA

NSF

SF

NPoly
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Open Problem 1
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[Sch62][CDL23]

Folklore

N
/A

N
/A

ZSF ∩ NPoly = NSF!

!In the Commutative Setting!
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The case of Polynomials
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A previous statement

of Karhumäki [Kar77].

P = Pmax + Prest

Pmax ∈ N[X⃗] ∀x⃗ ∈ Nk, P (x⃗) ≥ 0

⇐
⇒

P ∈ NWA
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A previous statement

of Karhumäki [Kar77].

P = Pmax + Prest

Pmax ∈ N[X⃗] ∀x⃗ ∈ Nk, P (x⃗) ≥ 0

⇐
⇒

P ∈ NWA

Idea: P (X1 + K, . . . ,Xn + K) ∈ N[X⃗] for some
large enough K and hardcode small values.
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A previous statement

of Karhumäki [Kar77].

P = Pmax + Prest

Pmax ∈ N[X⃗] ∀x⃗ ∈ Nk, P (x⃗) ≥ 0

⇐
⇒

P ∈ NWA

Idea: P (X1 + K, . . . ,Xn + K) ∈ N[X⃗] for some
large enough K and hardcode small values.

Counterexample: P = Z(X + Y )2 + 2(X − Y )2.
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A previous statement

of Karhumäki [Kar77].

Undecidable!

P = Pmax + Prest

Pmax ∈ N[X⃗] ∀x⃗ ∈ Nk, P (x⃗) ≥ 0

⇐
⇒

P ∈ NWA

Idea: P (X1 + K, . . . ,Xn + K) ∈ N[X⃗] for some
large enough K and hardcode small values.

Counterexample: P = Z(X + Y )2 + 2(X − Y )2.

A. Lopez – Polynomials and Weighted Automata2025-03-05 [STACS, Jena]

30/45



Binomial Coefficients

Binomial Monomial:(
X−p
k

)
= 1

k!
(X−p)(X−p−1) · · · (X−p−k+1)
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Binomial Coefficients

Binomial Monomial:(
X−p
k

)
= 1

k!
(X−p)(X−p−1) · · · (X−p−k+1)

N Binomial Polynomials:
positive linear combinations of
products of binomial monomials
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Binomial Coefficients

Binomial Monomial:(
X−p
k

)
= 1

k!
(X−p)(X−p−1) · · · (X−p−k+1)

N Binomial Polynomials:
positive linear combinations of
products of binomial monomials

Z Binomial Polynomials:
integer linear combinations of

products of binomial monomials
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Binomial Coefficients

Binomial Monomial:(
X−p
k

)
= 1

k!
(X−p)(X−p−1) · · · (X−p−k+1)

N Binomial Polynomials:
positive linear combinations of
products of binomial monomials

Z Binomial Polynomials:
integer linear combinations of

products of binomial monomials

Strongly N Binomial Polynomials:
partial applications of P are
Natural Binomial Polynomials
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Back to Z

Let P ∈ Q[X⃗]

P (Zk) ⊆ Z P (Nk) ⊆ Z P ∈ ZBP

P ∈ ZWA P ∈ ZPoly P ∈ ZSF

=⇒

=⇒

=⇒

=⇒

=
⇒

=⇒

Binomials are in ZSF

Classical result from Pólya [Pól15]

(|w|
ℓ

)
= #(x1 < x2 < · · · < xl) (w)
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And now for N

Let P ∈ Q[X⃗], α ∈ N, s.t. αP ∈ Z[X⃗]

P (Zk) ⊆ Z ∧
αP ∈ NWA

P (Nk) ⊆ Z ∧
αP ∈ NWA

P ∈ SNBP

P ∈ NWA P ∈ NPoly P ∈ NSF

=⇒

=⇒

=⇒

=⇒

=
⇒

=⇒

Binomials are in NSF

Theorem
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And now for N

Let P ∈ Q[X⃗], α ∈ N, s.t. αP ∈ Z[X⃗]

P (Zk) ⊆ Z ∧
αP ∈ NWA

P (Nk) ⊆ Z ∧
αP ∈ NWA

P ∈ SNBP

P ∈ NWA P ∈ NPoly P ∈ NSF

=⇒

=⇒

=⇒

=⇒

=
⇒

=⇒

Binomials are in NSF

Theorem

In the case of at most two indeterminates, it coincides with [Kar77]
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Tying the knot:
commutative input
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Polynomial Pumping

Also known as: forcing commutativity

Σ∗ Zf
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Polynomial Pumping

Also known as: forcing commutativity

Σ∗ Zf

p

Nk

p(x1, . . . , xk) = v0
∏n

i=1(ui)
xivi
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Commutative Input

Σ∗ Z
f ∈ ZPoly

∈ SNBP

∀p

×ω

(ωN≥1)
k

(N≥1)
k

Σ∗ Z
f ∈ ZPoly

∀p

+K

∈ SNBP(N≥K)
k

Nk
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Commutative Input

f ∈ NSFf ∈ NPoly

⇐
⇒∃ω ⇐
⇒ ∃K

Σ∗ Z
f ∈ ZPoly

∈ SNBP

∀p

×ω

(ωN≥1)
k

(N≥1)
k

Σ∗ Z
f ∈ ZPoly

∀p

+K

∈ SNBP(N≥K)
k

Nk
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Commutative Input

f ∈ NSFf ∈ NPoly

⇐
⇒∃ω ⇐
⇒ ∃K

Conjecture: true without commutative assumption

Σ∗ Z
f ∈ ZPoly

∈ SNBP

∀p

×ω

(ωN≥1)
k

(N≥1)
k

Σ∗ Z
f ∈ ZPoly

∀p

+K

∈ SNBP(N≥K)
k

Nk
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Conclusion

ZSF ZPoly ZWA

NSF

SF

NPoly

Poly

NWA

Open Problem 1
O
p
e
n

P
ro

b
le
m

2

[Sch62][CDL23]

Folklore

N
/A

N
/A

!In the Commutative Setting!

Towards Series: define aperiodic ZWA and NWA
(but not like [DG05; DG19]).

Spectrum in R≥0, aperiodic fi-
nite quotients, pumping arguments

Dropping Commutation: attempted a WQO
approach building a canonical model [Lop24].

Using aperiodic approximations?
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[Büc60] J. Richard Büchi. “Weak second-order arithmetic and
finite automata”. In: Mathematical Logic Quarterly
6.1–6 (1960). doi: 10.1002/malq.19600060105. url:
https://onlinelibrary.wiley.com/doi/abs/10.

1002/malq.19600060105.

[Kle56] Stephen C. Kleene. “Representation of events in nerve
nets and finite automata”. In: Automata studies 34
(1956), pp. 3–42. doi: 10.1515/9781400882618-002.
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