How TO PLAY THE ACCORDION

UNIFORMITY AND THE (NON-)CONSERVATIVITY OF THE
LINEAR APPROXIMATION OF THE A-CALCULUS

Rémy Cerda, CNRS, IRIF (currently) and Aix-Marseille Université, 12M

jww. Lionel Vaux Auclair, Aix-Marseille Université, [2M

STACS, Jena, 5 March 2025



LINEAR APPROXIMATION OF FUNCTIONAL PROGRAMS
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PROGRAMS

program := instruction (program, ..., program)
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PROGRAMS

program := instruction - result
/ \ = program that
cannot be further
rogram ... rogram
Pog prog executed
(normal form)
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PROGRAMS

program := instruction - result
/ \ = program that
cannot be further
rogram ... rogram
Pog prog executed
(normal form)

But the result might be infinite and infinitely far:

pi(0) s g
/\ /\
3 pi(1) 3 O
/\

1 pi(2)
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APPROXIMATION OF PROGRAMS

What we can compute in finite time are partial results:

s / N\ / \
3 1 3 .
/ \
1 1
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APPROXIMATION OF PROGRAMS

What we can compute in finite time are partial results:

s / N\ / \
3 1 3 .
/ \
1 1

As a summary:

(infinite) execution

program '\NV\M/VVV\/\/\MNVV\/V\-) re Sult

‘ (W]
program AANANANANANANANANNANNANANANNN S partial
(finite) partial execution result

and the result is the limit of all partial results:

it’s a continuous approximation. i



LINEAR APPROXIMATION OF PROGRAMS

This continuous approximation:

(infinite) execution

program WVVVV\NVWVVV\NVV\/\-) re Sult

‘ (]
program AANANANANANANANANNANNANANANNN S partial
(finite) partial execution result

can be refined into a linear one:

(infinite) execution

program MNVWW\NWWW\NWVV\-) re Sult

LI Ll
linear linear
program linear execution partlal result
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LINEAR APPROXIMATION OF PROGRAMS

Linear programs: each argument of a function is used exactly once.
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LINEAR APPROXIMATION OF PROGRAMS

Linear programs: each argument of a function is used exactly once.

program := instruction
program ...  program
linear program := instruction
linear linear ] [ linear linear
program’ "’ program program’ "’ program
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LINEAR APPROXIMATION OF FUNCTIONAL PROGRAMS
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LINEAR APPROXIMATION OF THE A-CALCULUS

Programs are A-terms:

M,N,... = x | AxM | MN
X~ M M(N)

Linear programs are resource A-terms:

Stye. = x | Ax.ss | s[ty, .5t

Given a A-term M, we denote by J (M) the set of resource A-terms
approximating it. (Its Taylor expansion!)

7/13




LINEAR APPROXIMATION OF THE A-CALCULUS

Need a nap? Have it during this slide!

Program execution is the f-reduction on A-terms:

(x> M)(N) —> M where x is replaced with N

Ax.M)N —p M[N/x]
@ ) ﬁ
P b
AKX
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LINEAR APPROXIMATION OF THE A-CALCULUS

Need a nap? Have it during this slide!

Linear execution is the resource reduction on resource A-terms:
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LINEAR APPROXIMATION OF THE A-CALCULUS

Need a nap? Have it during this slide!

Linear execution is the resource reduction on resource A-terms:

@
n/;i ‘Prz

8/13



WHAT’S IN THE PAPER

Wake up!

Let M, N be finite A-terms.
IfM —>Z, N then (M) —» . T(N).

Problem 1 (conservativity, finite)

Is the converse true?

Yes itis! If (M) —» . T (N) then M —>Z N.

9/13




WHAT’S IN THE PAPER

Let M, N be infinitary A-terms.
IfM —2 N then T (M) —», T(N).

Problem 2 (conservativity, infinitary)
Is the converse true?

No, it isn’t!
There are terms A, A such that 7(A) —», 7(A) but there is no
reduction A —>§° A.

A is the Accordion A-term.
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THE ACCORDION
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THE ACCORDION
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WHAT’S IN THE PAPER

Problem 3 (restoring conservativity)
Can we restrict —» to obtain a conservative approximation?

Yes, thanks to the uniform lifting of the resource reduction —¢°!

If 7(M) =>® J(N) then M — N.

In particular, there is no reduction 7°(A) =& J(A).
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Thanks for your attention!
Any questions?

btw, please offer me a postdoc position
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