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S C V(G) is called an s-t separator if there is no path between s and ¢ in
G-S.

Definition

An s-t separator is called a minimal s-t separator in GG if no proper subset
of S also separates s and t.

Definition
Given a graph G = (V, E), a set S C V(G) is called an Odd Cycle
Transversal if G — S is a bipartite graph.

Definition

A set S C V(G) is called a minimal Odd Cycle Transversal if:
1. G — S is a bipartite graph,
2. No proper subset of S is an Odd Cycle Transversal.
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Computational Problems

MAXIMUM MINIMAL st-SEPARATOR

Input: An undirected graph G = (V, E), two distinct vertices s and ¢
and a positive integer k.

Question: Determine whether there exists a minimal st-separator in G
of size at least k.

MAXIMUM MINIMAL ODD CYCLE TRANSVERSAL

Input: An undirected graph G = (V| E), and a positive integer k.
Question: Determine whether there exists a minimal odd cycle transver-
sal in G of size at least k.

Note: Both the MAXIMUM MINIMAL st-SEPARATOR and the
MAXIMUM MINIMAL ODD CYCLE TRANSVERSAL problem are
NP-hard.
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Theorem
MAXIMUM MINIMAL st-SEPARATOR and MAXIMUM MINIMAL OCT
parameterized by k are FPT.

To prove these results, we rely on the following meta-result of
Lokshatonov, Ramanujan, Saurabh, and Zehavi [ICALP 2018].

Theorem
Let v be a CMSO formula. For all k € N, there exists ¢ € N such that if
there exists an algorithm that solves CMSO[1] on (q, k)-unbreakable

structures in time O(n?) for some d > 4, then there exists an algorithm
that solves CMSO[)] on general structures in time O(n?).

Application: If the following conditions are satisfied:

1. The problem can be expressed as a counting monadic second-order
logic (CMSO) formula of length f(k).

2. The problem is fixed-parameter tractable on (g, k)-unbreakable
graphs parameterized by both ¢ and k.

Then, the problem is fixed-parameter tractable (FPT) on general graphs.



Step 1

Lemma
MAXIMUM MINIMAL st-SEPARATOR is CMSO-definable with a formula
of length f(k).

CMSO Formula:

qﬂ:EIZQ\/(C¥)<E|111,112,...,w€ EZ( /\ vi#vJ)

1<i<j<k

A-3U CV(G)\ Z((s € U) A (t € U) Aconn(U))

k
ANIUCV@N\(Z\{vh)((s €U)A(t€U) A conn(U))>

i=1

It is clear that the size of the above formula i) depends only on k.
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Step 1: CMSO formula for MaxiMmum MINIMAL OCT

cpEEIZCV(G)<E|v1,v2,...,vk€Z( /\ vi;évJ)

1<i<j<k
A bipartite(V(G) \ 2)

k
A (/\ —bipartite(V(G) \ (Z \ {m})) )
i=1

where bipartite(17) is a CMSO sentence given below, which checks
whether the graph induced by the vertices in W is bipartite.



Step 1: CMSO formula for MaxiMmum MINIMAL OCT

p=3Z CV(G) <E|v1,v2,...,vk ez (

(] 75 Vj
1<z£\j<k )
A bipartite(V(G) \ Z2)
k
A (/\ —bipartite(V(G) \ (Z \ {m})) )
i=1

where bipartite(17) is a CMSO sentence given below, which checks
whether the graph induced by the vertices in W is bipartite.

bipartite(W) =3X CW,3Y C W

((XmY:Q))/\(XUY:W)

AVu,v € W (E(u,v) = (ueX <— veY))).
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Step 2: FPT Algorithm on (¢, 2k)-Unbreakable Graphs

We provide two sufficient conditions for the existence of a minimal OCT
of size at least k on (g, 2k)-unbreakable graphs.

Condition 1: If there exists an induced odd cycle of length at least
2q 4+ 2 in G, then G has a minimal oct of size at least k.

Condition 2: Let d be any positive integer. If there exists a family F
containing distinct induced odd cycles of G of length at most d and
|F| > d(d!)(k — 1)¢ then G has a minimal oct of size at least k.

Observation: Let (G, k) be an instance of MAXIMUM MINIMAL OCT.
If a vertex x € V(G) does not participate in any induced odd cycle, then

(G, k) is equivalent to (G — x, k).



Lemma (Combination Lemma)
Given a graph G, a vertex x € V(G), and positive integers d, k, there is
an algorithm that runs in (kd)o(d).no(l) time and correctly outputs one
of the following:

1. An induced odd cycle containing x.

2. An induced odd cycle of length at least d.

3. A family F of distinct induced odd cycles, each of length at most

d — 1, such that
|F| >d-d-(k—1)%

4. A determination that there is no induced odd cycle containing x in
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Lemma (Combination Lemma)

Given a graph G, a vertex x € V(G), and positive integers d, k, there is
an algorithm that runs in (kd)o(d).no(l) time and correctly outputs one
of the following:

1. An induced odd cycle containing x.

2. An induced odd cycle of length at least d.

3. A family F of distinct induced odd cycles, each of length at most

d — 1, such that
|F| >d-d-(k—1)%

4. A determination that there is no induced odd cycle containing x in

G.

» Run the above lemma for each vertex x € V(G) and set d = 2¢q + 2.
» Progress for each possibility:

> (1): Add this cycle of length at most 2¢g + 1 to F.
» (2) and (3): Directly imply a yes instance.
> (4): Reduce the graph by deleting x.
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For any positive integers q, k > 1, MAXIMUM MINIMAL OCT on
(g, 2k)-unbreakable graphs on n vertices can be solved in time
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Theorem
MAXIMUM MINIMAL ODD CYCLE TRANSVERSAL is FPT when
parameterized by k.
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Thank You!

Questions?

Feel free to ask.



