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Research Interests: (1) Beyond worst-case algorithms

adaptive sorting: exploit “presortedness” %,

Goal:
Improve performance when input is “tame” (far form worst case)

o few inversions

o few runs

My Focus:

Fundamtenal algorithms & data structures
Dictionaries, Sorting, Searching y oo tfewodtles | .-
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Research Interests: (2) Space-efficient Data Structures

Leved arder in
Goal: svecinet dras

Store data in compressed form
But retain efficient access
(without decompressing first)

My Focus: el disk 0
Graph-structured data / svectac SR, EUBELS
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Sort of a list
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Algorithm Science

Theory of Algorithms
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Algorithm Science

bl

Algorithm & Systems Engineering
' I
@ measured performance
@ specific to machine
@ reproducible?
@ does it generalize?

Quicksort, Timsort, Powersort

i

Theory of Algorithms

2025-03-04



Algorithm Science

Algorithm & Systems Engineering

i

Theory of Algorithms
—

@ Big-Oh worst case analysis

@ measured performance
@ specific to machine @ no actual prediction! (hidden constants!)

@ reproducible? @ pessimistic (worst case)

@ does it generalize? @ does it say anything? (about real world)

7 4
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Algorithm Science

X i

Algorithm & Systems Engineering ~ Theory of Algorithms
:ﬁi:liﬁ 3 -—
@ measured performance ‘ @ Big-Oh worst case analysis
@ specific to machine @ no actual prediction! (hidden constants!)
@ reproducible? @ pessimistic (worst case)
@ does it generalize? ut @ does it say anything? (about real world)
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Algorithm Science

Algorithm & Systems Engineering
:55['35

@ measured performance

@ specific to machine

@ reproducible?

@ does it generalize?

@ Abstract Cost Models

precise asymptotic analysis
~» quantitative predictions!

Sebastian Wild

i

Theory of Algorithms
-—
@ Big-Oh worst case analysis
@ no actual prediction! (hidden constants!)
@ pessimistic (worst case)
@ does it say anything? (about real world)

& @ Adaptive Analysis

fine-grained input features
~» 2 worst case
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Algorithm Science

i

Algorithm & Systems Engineering Theory of Algorithms
:355 | = [} 3 -—

@ measured performance

@ Big-Oh worst case analysis

@ specific to machine @ no actual prediction! (hidden constants!)

@ reproducible? @ pessimistic (worst case)

@ does it generalize? @ does it say anything? (about real world)

.

= Q © Abstract Cost Models S @ Adaptive Analysis

precise asymptotic analysis = fine-grained input features
~» quantitative predictions! ~» 2 worst case

,’:{-.-m L\YD o = > KRG S] | Ay
E#® Platform-independent performance guarantees
@ concrete quantitative model

@ validated by experiments
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Sorting

ulas Data Reviews
@ We use sorting to @ Connections [

e to make searching faster (binary search!) T P es

tefresh
o clean data (remove dups, get canonical form of things) Wl
Connections E
e to present data neatly for users
e as building block in algorithms (database join, sweepline, ...) s
° D E F
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https://docs.python.org/3/library/stdtypes.html#list.sort
https://docs.python.org/3/library/functions.html#sorted

ulas Data Review

@ We use sorting to

e to make searching faster (binary search!)

ﬂ _Ju_ﬂ Connections
L2 ' Properties

tefresh o
o clean data (remove dups, get canonical form of things) LGRS

Connections
e to present data neatly for users

e as building block in algorithms (database join, sweepline, ...)

jees

@ built-in functions in Python: my_list.sort() and sorted(my_list)
e key parameter to specify sorting criterion

o prefer pairwise comparator function? ~+ functools.cmp_to_key

Sebastian Wild
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Stable Sorting

unsorted input

Last Name
Simpson
Wiggum
Simpson
Simpson
Spuckler

Gumble

I Bart Simpson

B Hans Moleman

Ned Flanders

Edna Krabappel

Lenny Leonard

Jimbo Jones

John Frink

Agnes Skinner

I Martin Prince

Tony

Simpson

Mann

Mcclure

Sryslak
Nahasapeemapetilon
Bouvier

Simpson

Wiggum

Brockman

Smithers

Beardly

Muntz
Skinner

quein
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Stable Sorting

sorted by First Name

unsorted input

Last Name I Last Name
Simpson Simpson
Wiggum Skinner
Simpson Nahasapeemapetilon
Simpson Gumble
Spuckler Simpson
Gumble Carlson
B Bart Simpson JBurns
B Hans Moleman Wiggqum
Ned Flanders Spuckler
Edna Krabappel Krabappel
Lenny Leonard Tony
Jimbo Jones Moleman
John Frink Lovejoy
Agnes Skinner Simpson
I Martin Prince Jasper Beardly
Tony Jimba Jones
Simpson John Frink
Mann Kent Brockman
Meclure Lenny Leonard
szyslak Lionel Hutz
Nahasapeemapetilon i Simpson
Bouvier Simpson
Simpson simpson
Wiggum 3 Prince
Brockman | Milhouse Van Houten
Smithers Szyslak
Beardly Flanders
Muntz Muntz
Skinner

quein Atk e
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Stable Sorting

unsorted input sorted by First Name sorted by Last Name

p-d
m

B A | B

 First Name Last Name

| A |
BB First Name A Last Name B First Name LastName A
Homer Simpson 24 Abraham l Simpson P Jasper Beardly l
Ralph Wiggum Agnes 4 Skinner 3 [ElGY Bouvier z
Maggie Simpson 4 BN Nahasapeemapetilon G Selma Bouvier
Abraham Simpson | | Barney Gumble ER Kent Brockman
Cletus Spuckler Bart Simpson 3 Charles Montgomery Burns
Barney Gumble i Carl Carlson Fa Carl Carlson
B Bart Simpson Charles Montgomery  JBurns I e d Flanders
B Hans Moleman | B0l Chief Wiggum I John Frink
Ned Flanders Cletus Spuckler Barney Gumble
Edna Krabappel Edna Krabappel Lionel Hutz
Lenny Leonard 12 [g18 Tony Snake Jailbird
Jimbo Jones | Hans Moleman Jimbo Jones
John Frink Helen Lovejoy Edna Krabappel
W Agnes skinner B Homer Simpson Lenny Leonard
M Martin Prince Jasper Beardly B Helen Lovejoy
i Fat Tony | A /imbo Jones 17 [oleel Mann
Marge Simpson LE:3 John Frink Troy Mcclure
Otto Mann Kent Brockman Hans Moleman
Troy Mcclure Lenny Leonard Pl Nelson Muntz
Moe szyslak Lionel Hutz Apu Nahasapeemapetilon
Apu Nahasapeemapetilon fLisa Simpson actio Drince
Patty Bouvier Maggie Simpson Abraham Simpson
Lisa Simpson Marge simpson L Bart Simpson
Chief Wiggum M Martin Prince Homer simpson
Gl Kent Brockman I Milhouse Van Houten L g Lisa Simpson
274 Waylon Smithers 4 Moe Szyslak gl Maqgie Simpson
Jasper Beardly Flanders il Marge Simpson
Nelson Muntz Muntz RS SRTTET
Principal Skinner Mann 8 Principal Skinner

Helan Bouvie Waylon mith

quein 2
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CPython Sorting History

Python Version (Year) Sorting method Remarks Stable?
09-14 1991 gsort call to C library, general purpose Quicksort, [BM93] X
[BM93] Bentley & Mcllroy: Engineering a sort function, Softw. Prac. Exp. 1993
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https://doi.org/10.1002/spe.4380231105
https://dl.acm.org/doi/10.1145/321592.321600
https://github.com/python/cpython/blob/main/Objects/listsort.txt
https://www.wild-inter.net/publications/munro-wild-2018

CPython Sorting History

Python Version (Year) Sorting method Remarks Stable?
09-14 1991 gsort call to C library, general purpose Quicksort, [BM93] X
1.5-1.6 1998 custom Quicksort inspired by Tim Peters, “NEWSORT” X
[BM93] Bentley & Mcllroy: Engineering a sort function, Softw. Prac. Exp. 1993
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CPython Sorting History

Python Version (Year) Sorting method Remarks Stable?
09-14 1991 gsort call to C library, general purpose Quicksort, [BM93] X
1.5-1.6 1998 custom Quicksort inspired by Tim Peters, “NEWSORT” X
20-22 2000 Samplesort Quicksort with clever pivot choice, [FM70] X
[BM93] Bentley & Mcllroy: Engineering a sort function, Softw. Prac. Exp. 1993
[FM70] Frazer & McKellar: Samplesort: A Sampling Approach to Minimal Storage Tree Sorting, J. ACM 1970
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CPython Sorting History

Python Version (Year) Sorting method Remarks Stable?
09-14 1991 gsort call to C library, general purpose Quicksort, [BM93] X
1.5-1.6 1998 custom Quicksort inspired by Tim Peters, “NEWSORT” X
20-22 2000 Samplesort Quicksort with clever pivot choice, [FM70] X

2.3.1-3.10.2 2003 Timsort custom mergesort by Tim, [P0O1]

almost 20 years unchanged J

(except: caching keys, special pure-type comparisons)

[BM93] Bentley & Mcllroy: Engineering a sort function, Softw. Prac. Exp. 1993
[FM70] Frazer & McKellar: Samplesort: A Sampling Approach to Minimal Storage Tree Sorting, J. ACM 1970
[PO1] Tim Peters et al.: [istsort.txt, CPython sources
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CPython Sorting History

Python Version (Year) Sorting method Remarks Stable?
09-14 1991 gsort call to C library, general purpose Quicksort, [BM93] X
1.5-1.6 1998 custom Quicksort inspired by Tim Peters, “NEWSORT” X
20-22 2000 Samplesort Quicksort with clever pivot choice, [FM70] X

2.3.1-3.10.2 2003 Timsort custom mergesort by Tim, [P0O1]

almost 20 years unchanged J
(except: caching keys, special pure-type comparisons)
3111 —oc0? 2022 Powersort Timsort with Powersort merge policy [MW18] v
[BM93] Bentley & Mcllroy: Engineering a sort function, Softw. Prac. Exp. 1993
[FM70] Frazer & McKellar: Samplesort: A Sampling Approach to Minimal Storage Tree Sorting, J. ACM 1970
[PO1] Tim Peters et al.: [istsort.txt, CPython sources
[MW1 8] Munro & Wild: Nearly-Optimal Mergesorts: Fast, Practical Sorting Methods That Optimally Adapt to Existing Runs, ESA 2018
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Sorting Trade-offs

@ Quicksort is generally fast and in place, but not stable
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Sorting Trade-offs

@ Quicksort is generally fast and in place, but not stable

@ Mergesort is generally (quite) fast and stable, but not in place
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Sorting Trade-offs

@ Quicksort is generally fast and in place, but not stable
@ Mergesort is generally (quite) fast and stable, but not in place

@ stable and in place is tricky (possible, but relatively slow)
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Sorting Trade-offs

@ Quicksort is generally fast and in place, but not stable
@ Mergesort is generally (quite) fast and stable, but not in place

@ stable and in place is tricky (possible, but relatively slow)

“Pick any two!” stable honest

Q-

fast, in place smart investment
few cmps banker
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Sorting Trade-offs

@ Quicksort is generally fast and in place, but not stable
@ Mergesort is generally (quite) fast and stable, but not in place

@ stable and in place is tricky (possible, but relatively slow)

“Pick any two!” stable honest

Q-

fast, in place smart investment
few cmps banker

@ Python has lots of objects and pointers anyways ... “in-place” property least painful to sacrifice

~ Mergesort!
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V1.2, CC by-nc-sa 4.0

ﬁu@@ I:XI = i} 3 :
ﬁ@ Vs %

£Ja
U
bebiade DR

11 11
MERGE SORT] MERGE SORT -
/I.'II—; @ / 3
@ o o @ [®)

L 1L

Sebastian Wild Quicksort, Timsort, Powersort

]




Timsort = Mergesort++

Various modifications

@ detect existing runs
run = any (weakly) increasing or
(strictly) decreasing range

© merge policy decides when to merge which runs

©® keeping runs on a fixed-size runstack

@O galloping merges
use exponential searches
to find position in other run

@ minimum run lengths with binary insertion sort
choose 32 < minrun < 64, so that [ ——1 is 2% or slightly smaller
fill runs to minrun elements

Tim Peters et al.: listsort.txt, CPython sources
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Timsort merge policy (original)

1 def timsort(lst): full code:
. tiny.cc/timsort
2 i =0; runs = []
3 while i < len(lst):
4 j = extend_run(lst, i)
5 runs.append((i,j-i)); i = j
6 while Rule A/B/C applicable
7 merge X,Y resp. Y,Z
8 while len(runs) > 1:
9 merge Y,Z

Sebastian Wild Quicksort, Timsort, Powersort 2025-03-04


http://tiny.cc/timsort

Timsort merge policy (original)

1 def timsort(lst): full code:
. tiny.cc/timsort runs
2 i =0; runs = [] oz —wo
3 while i < len(lst):
4 j = extend_run(lst, i)
5 runs.append ((i,j-i)); i = j %
6 while Rule A/B/C applicable )
7 merge X,Y resp. Y,Z :
8 while len(runs) > 1: (I
9 merge Y,Z

@ extend_run detects next run
& boosts to minrun if necessary

Sebastian Wild Quicksort, Timsort, Powersort 2025-03-04


http://tiny.cc/timsort

Timsort merge policy (original)

1 def timsort(lst): full code: Rule A: Z > X ~~ merge(X,Y)
LA _ tiny.cc/timsort runs :
2 i =0; runs = [] ——top
3 while i < len(lst): f
=

4 j = extend_run(lst, i) '
5 runs.append ((i,j-i)); i = j %
6 while Rule A/B/C applicable ) Rule B: Z > Y ~» merge(Y, Z)
7 merge X,Y resp. Y,Z : 7 i
6 while len(runs) > 1: (— mA ]
9 merge Y,Z ' :

d Rule C: Y+ Z > X ~~ merge(Y, Z)
@ extend_run detects next run

- . . i Y=z | )
& boosts to minrun if necessary ~A-B 771

Sebastian Wild Quicksort, Timsort, Powersort 2025-03-04


http://tiny.cc/timsort

Timsort merge policy (original)

1 def timsort(lst): full code: Rule A: Z > X ~~ merge(X,Y)
s A _ tiny.cc/timsort runs :
2 i =0; runs = [] CZ J—twp
3 while i < len(lst): ;
=
4 j = extend_run(lst, i) '
5 runs.append((i,j-i)); i = j %
6 while Rule A/B/C applicable ) Rule B: Z > Y ~» merge(Y, Z)
7 merge X,Y resp. Y,Z : 7 i
s  while len(runs) > 1: (I A 7
9 merge Y,Z : ' :

Rule C: Y+ Z > X ~~ merge(Y, Z)
@ extend_run detects next run

. . A Y+7Z -
& boosts to minrun if necessary ~A B 73

@ Goal: runs on stack grow like Fibonacci numbers
o Invariant: Vj : runs[j] > runs[j+ 1] 4 runs[j+2]

~ max stack height ~ log,, (1)

Sebastian Wild Quicksort, Timsort, Powersort 2025-03-04
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Timsort merge policy (original)

1 def timsort(lst): full code: Rule A: Z > X ~~ merge(X,Y)
. AL _ tiny.cc/timsort runs :
2 i =0; runs = [] CZ J—twp
3 while i < len(lst): ;
=
4 j = extend_run(lst, i) '
5 runs.append ((i,j-i)); i = j %
6 while Rule A/B/C applicable ) Rule B: Z > Y ~» merge(Y, Z)
7 merge X,Y resp. Y,2 : ZT
8 while len(runs) > 1: ) —A vez [ ]
9 merge Y,Z ' :
d Rule C: Y+ Z > X ~~ merge(Y, Z)
@ extend_run detects next run
e E "z T )
& boosts to minrun if necessary ~A-B 771
@ Goal: runs on stack grow like Fibonacci numbers : '
o Invariant: Vj : runs[j] > runs[j+ 1] 4 runs[j+2]
~ max stack height ~ log,, (1) (a) small runs stack,
(b) balanced on equal runs,
@ Why exactly these rules? (©) O(nlogn) worst case*

e Tim Peters: “first thing | tried that ‘worked well””

Sebastian Wild Quicksort, Timsort, Powersort 2025-03-04
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I Beware, Stackoverflow!
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Invariant trouble

Recall this?
@ Goal: runs on stack grow like Fibonacci:

Invariant: Vj =0,...,len(runs) —3:
runs [j] > runs[j + 1] + runs[j + 2]
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https://www.key-project.org/
http://www.envisage-project.eu/proving-android-java-and-python-sorting-algorithm-is-broken-and-how-to-fix-it/
https://link.springer.com/article/10.1007/s10817-017-9426-4
https://bugs.openjdk.org/browse/JDK-8072909
https://github.com/python/cpython/issues/67703

Invariant trouble

Recall this?
@ Goal: runs on stack grow like Fibonacci:

runs [j] > runs[j + 1] + runs[j + 2]

Invariant: Vj =0,...,len(runs) —3: |

* not true(!) for naughty pattern of run lengths
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Invariant trouble

Recall this?
@ Goal: runs on stack grow like Fibonacci: Kﬁy KeY project for formal verification in Java

Invariant: Vj =0,...,len(runs) —3:

runs(j] > runs(j + 1] + runs[j + 2] Proving that Android’s, Java's and Python's

sorting algorithm is broken (and showing
how to fix it)

* not true(!) for naughty pattern Of run lengths OFebruary 24,2015 & Envisage  Written by Stijn de Gouw. & $s

de Gouw, de Boer, Bubel, Hihnle, Rot, Steinhofel: Verifying Open/DK’s
Sort Method for Generic Collections, | Autom Reasoning 2019
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Invariant trouble

Recall this?
@ Goal: runs on stack grow like Fibonacci: Kﬁy KeY project for formal verification in Java

Invariant: Vj =0,...,len(runs) —3:

runs(j] > runs(j + 1] + runs[j + 2] Proving that Android’s, Java's and Python's

sorting algorithm is broken (and showing
how to fix it)

* not true(!) for naughty pattern Of run lengths OFebruary 24,2015 & Envisage  Written by Stijn de Gouw. & $s

de Gouw, de Boer, Bubel, Hihnle, Rot, Steinhofel: Verifying Open/DK’s
X Sort Method for Generic Collections, | Autom Reasoning 2019
@ InJava: Arrays.sort(Object[])
could throw ArrayIndexOutOfBoundException
for specific input of size 67,108,864
e Timsort in Java since 2009, but issue never reported?

o first (incorrectly!) patched in 2013, then a second time in 2015 ...

@ for CPython: patched in 2015
e mostly a theoretical issue (needs > 2*° elements)

Sebastian Wild Quicksort, Timsort, Powersort 2025-03-04
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Timsort merge policy (patched)

1 def timsort(lst):

2 i = 0; runs = []

3 while i < len(lst):

4 j = extend_run(lst, i)

5 runs.apppend((i,j)); i = j

6 while Rule A/B/C/D applicable
7 merge corresponding runs
8 while len(runs) > 1:

9 merge topmost 2 runs

Sebastian Wild Quicksort, Timsort, Powersort 2025-03-04 13/28


https://drops.dagstuhl.de/opus/volltexte/2018/9467/

Timsort merge policy (patched)

Rule A:  Z > X ~~ merge(X,Y)

runs

1 def timsort(lst):

. Cz J—wor
: o 1=0; rums =[] : T
3 while i < len(lst): *
4 j = extend_run(lst, i) % ' :
5 runs.apppend((1,7)); 1 = ] ) Rule B: Z > Y ~ merge(Y, 2)
6 while Rule A/B/C/D applicable : z H
7 merge corresponding runs ] A Y+z T ]
8 while len(runs) > 1: : : :
9 merge topmost 2 runs
Rule C: Y+ Z > X ~~ merge(Y, Z)
@ Need to add a Rule D :
A z | —

Sebastian Wild Quicksort, Timsort, Powersort 2025-03-04 13/28


https://drops.dagstuhl.de/opus/volltexte/2018/9467/

Timsort merge policy (patched)

Rule A:  Z > X ~~ merge(X,Y)

runs

1 def timsort(lst):

. Cz J—wor
2 i = 0; runs = [] f T
3 while i < len(lst): *
4 j = extend_run(lst, i) :]:] '
5 runs.apppend((i,j)); i = j ) Rule B: Z > Y ~ merge(Y, Z)
6 while Rule A/B/C/D applicable : z H
7 merge corresponding runs ] A vz [ ]
8 while len(runs) > 1: : : :
9 merge topmost 2 runs
Rule C: Y+ Z > X ~~ merge(Y, Z)
@ Need to add a Rule D :
A z | ——
Rule D: X+Y > W ~ merge(Y, Z)
Y+zZ
: —
v
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Timsort merge policy (patched)

Rule A:  Z > X ~~ merge(X,Y)

runs

1 def timsort(lst):

) «—top
2 i = 0; runs = [] f e
s while i < len(lst): D
4 j = extend_run(lst, i) :]:] '
5 runs.apppend((i,j)); i = j C_ ) Rule B: Z > Y ~ merge(Y, Z)
6 while Rule A/B/C/D applicable : z H
7 merge corresponding runs ] A Yez [ ]
8 while len(runs) > 1: : : :
9 merge topmost 2 runs
Rule C: Y+ Z > X ~~ merge(Y, Z)
@ Need to add a Rule D :
A8 z | ez I )
Invariant: Vj = 0,...,len(runs) —3: \/ 3 :
runs[j] > runs[j+ 1] + runs[j + 2]
Rule D: X+Y > W ~ merge(Y, Z)
Y+Z
-A —-B~-C H - -
X Vi
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Timsort merge policy (patched)

Rule A:  Z > X ~~ merge(X,Y)

runs

1 def timsort(lst):

: «——top
2 i=0; runs = [] :
. . X+Y [ )
5 while i < len(lst):
4 j = extend_run(lst, i) :]:] '
5 runs.apppend((i,j)); i = j C_ ) Rule B: Z > Y ~ merge(Y, Z)
6 while Rule A/B/C/D applicable : z H
7 merge corresponding runs ] A Yez [ ]
8 while len(rumns) > 1: : ' :
9 merge topmost 2 runs
Rule C: Y+ Z > X ~~ merge(Y, Z)
@ Need to add a Rule D :
A8 z | ez I )
Invariant: Vj = 0,...,len(runs) —3: \/ 3 :
runs[j] > runs[j+ 1] + runs[j + 2]
Rule D: X+Y > W ~ merge(Y, Z)
@ running time indeed O(nlogn) Y=z )
..very complicated to prove TATERC R Vi

Auger, Jugé, Nicaud, Pivoteau: On the Worst-Case
Complexity of TimSort, ESA 2018
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Timsort bad case

@ Timsort’s merge policy mostly works OK
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Timsort bad case

@ Timsort’s merge policy mostly works OK
@ ...but does stupid things on certain inputs:

( )
= ) |
| ( @) )
( ) 5 )
= ) | = 1
| ( @ ) ( )

G ) EEAE 3 ) ) N ) ) O N (a6 ENEY )

@ intuitive problem: regularly very unbalanced merges Buss, Knop: Strategies for Stable Merge Sorting, SODA 2019
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Timsort bad case

@ Timsort’s merge policy mostly works OK ( ‘

‘ e )

.. but does stupid things on certain inputs: ¢ ‘ !:;:,“ ‘ #ﬁ‘
[ H H E H [ ’7\\ :‘H ‘ K ,7“ ) H I‘ i |5 H hHﬁ i [ ’7\\ I‘ i H H H H H [0
( )
L N 1
( 8 il = )
( X ) ( ' )

' ' |
er—' ’—Tﬁ[ ]’—Tﬁ
ey R

G A N s 6 N ) .Gl . 5 ) ) ) ) M Y ) ) ) O 3 ENEY

@ intuitive problem: regularly very unbalanced merges Buss, Knop: Strategies for Stable Merge Sorting, SODA 2019
@ can do much better (merge cost 321 vs. 371)
@ As n increases, 50% higher merge cost than standard mergesort
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Timsort bad case

@ Timsort’s merge policy mostly works OK ( ‘

.but does stupid things on certain inputs: i ‘7:(;:{ ‘ ‘fﬁ‘
/7r % ) ‘7[ )
o u TR TR ’7\\ :‘u ‘ [ Ex G ru I‘ O ’7\\77 \ﬁ\ i3 ’7\\7\ 0 ’7\\]‘” 0
4 )\
(O )
— O —
— Let’s fix this merge policy problem once and for all, shall we? [—

SOCEEIES | G

E AL apE s R B DHE v AE L OE« aF JeE AR DE DEHE B AMEPE e A A g 0k AHHEI0

@ intuitive problem: regularly very unbalanced merges Buss, Knop: Strategies for Stable Merge Sorting, SODA 2019
@ can do much better (merge cost 321 vs. 371)
@ As n increases, 50% higher merge cost than standard mergesort
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Sort of a list
Timsort

Beware, Stackoverflow!

Merge policies

UVllda OO N ==

Powersort

2025-03-04



BAYNARD B =3
BAYNARD BRIDGE-TUNNEL REDUCE SPEED [

DOWNTOWN MYSTICBEACH 4Mi 10-12MIN
VETERAN: H
METRO BAYNARD TRAUMA

CAUTION
ROAD

a s
Sebastian Wild Quicksort, Timsort, Powersort 2025-03-04



Merge policies from first principles

Run-adaptive mergesort
interleaved in code

Conceptually two steps:
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Merge policies from first principles

Run-adaptive mergesort
interleaved in code

Conceptually two steps:

© Find runs in input.
O Merge them
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Merge policies from first principles

Run-adaptive mergesort
interleaved in code

Conceptually two steps:

© Find runs in input.

@O Merge them in some order.

determined by
merge policy
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Merge policies from first principles

Run-adaptive mergesort
interleaved in code

Conceptually two steps:
© Find runs in input.

@O Merge them in some order.

determined by

Here: merge policy
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Merge policies from first principles

Run-adaptive mergesort
interleaved in code

Conceptually two steps:

© Find runs in input.

@O Merge them in some order.
determined by

Here: merge policy

@ only binary merges

~ @ becomes:
merge 2 runs,
repeat until single run
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Merge policies from first principles

Run-adaptive mergesort
interleaved in code

Conceptually two steps:
© Find runs in input.

@O Merge them in some order.

determined by

Here: merge policy
@ only binary merges

~ @ becomes:
merge 2 runs,
repeat until single run

@ only stable sorts
~+ merge 2 adjacent runs
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Merge policies from first principles

Run-adaptive mergesort ~ Merge order = merge tree:
interleaved in code

Conceptually two steps:
© Find runs in input.

@O Merge them in some order.

determined by

Here: merge policy 1517 12 19 2 9 13 7 11 1 4 8 10 14 23 5 21 3 6 16 18 20 22
@ only binary merges

~ @ becomes:
merge 2 runs,
repeat until single run

@ only stable sorts
~+ merge 2 adjacent runs
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interleaved in code
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@O Merge them in some order.

determined by
merge policy (15 172 19)[2 9 13)(7 n][n_4 & 10 14 23)[5 21][3 6 16 18 20 22
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Merge policies from first principles

Run-adaptive mergesort ~ Merge order = merge tree:
interleaved in code

Conceptually two steps:

(2 7 9 11 12 13 15 17 19

© Find runs in input.

9

12 13 15 17 19

determined by

merge policy (15 172 19)[2 9 13)(7 n][n_ 4 & 10 14 23)[5 21][3 6 16 18 20 22

2
@O Merge them in some order.

Here:
@ only binary merges

~ @ becomes:
merge 2 runs,
repeat until single run

@ only stable sorts
~+ merge 2 adjacent runs
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Merge policies from first principles

Run-adaptive mergesort ~ Merge order = merge tree:
interleaved in code

Conceptually two steps:

(2 7 9 11 12 13 15 17 19

© Find runs in input.

12 13 15 17 19

2 9

@O Merge them in some order.
(2 9 12 13 19 (b 4 5 8 10 14 21 23

N
determined by —
merge policy (15 172 19)[2 9 13)(7 n][n_4 & 10 14 23)[5 21][3 6 16 18 20 22

Here:
@ only binary merges

~ @ becomes:
merge 2 runs,
repeat until single run

@ only stable sorts
~+ merge 2 adjacent runs
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Merge policies from first principles

Run-adaptive mergesort ~ Merge order = merge tree:
interleaved in code

Conceptually two steps:

(2 7 9 11 12 13 15 17 19

© Find runs in input.

(2 9 12 13 15 17 19) (1 3 4 5 6 8 10 14 16 18 20 21 22 23)

@O Merge them in some order.
(2 9 12 13 19 (b 4 5 8 10 14 21 23

N
determined by —
merge policy (15 172 19)[2 9 13)(7 n][n_4 & 10 14 23)[5 21][3 6 16 18 20 22

Here:
@ only binary merges

~ @ becomes:
merge 2 runs,
repeat until single run

@ only stable sorts
~+ merge 2 adjacent runs
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Merge policies from first principles

Run-adaptive mergesort ~ Merge order = merge tree:
interleaved in code

Conceptually two steps:

[1234567891011121314151617181920212223]
A

L
(2 7 9 11 12 13 15 17 19

© Find runs in input.

(2 9 12 13 15 17 19) (1 3 4 5 6 8 10 14 16 18 20 21 22 23)

@O Merge them in some order.
(2 9 12 13 19 (b 4 5 8 10 14 21 23
determined by

N
K_H
merge policy (15 172 19)[2 9 13)(7 n][n_4 & 10 14 23)[5 21][3 6 16 18 20 22

Here:
@ only binary merges

~ @ becomes:
merge 2 runs,
repeat until single run

@ only stable sorts
~+ merge 2 adjacent runs
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Merge policies from first principles

Run-adaptive mergesort
interleaved in code

Conceptually two steps:

© Find runs in input.

@O Merge them in some order.

determined by

Here: merge policy
@ only binary merges

~ @ becomes:
merge 2 runs,
repeat until single run

@ only stable sorts
~+ merge 2 adjacent runs

~ Merge order = merge tree:

[1234567891011121314151617181920212223]
A

L
(2 7 9 11 12 13 15 17 19

(2 9 (1 3 4 5 6 8 10 14 16 18 20 21 22 23)

(b 4 5 8 10 14 21 23

K_H
[15 1712 19)[2 9 13)(7 n][1 4 & 10 14 23)[5 21][3 6 16 18 20 22]

~ Merge policy = algorithm to choose merge tree
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Merge policies from first principles

Run-adaptive mergesort
interleaved in code

Conceptually two steps:

© Find runs in input.

@O Merge them in some order.

determined by

Here: merge policy
@ only binary merges

~ @ becomes:
merge 2 runs,
repeat until single run

@ only stable sorts
~+ merge 2 adjacent runs

~ Merge order = merge tree:

~ Merge policy = algorithm to choose merge tree

Merge costs
@ cost of merge := size of output
@ =~ memory transfers
e > #cmps

o total cost = total areaof ()

Sebastian Wild
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Merge policies from first principles

Run-adapt{ . L : )
_ tll) Different merge policies yield different merge costs!
llh erieql
Conceptug ( ) i—
Q rindr | )
) ( )
O Mergd (
) ) ]
Here:
) ) B AR (e nelil
@ only 4 tree
~ @ be D) merge costs: 42 I merge costs: 71
merge~zTarrs; IVIETge CUSTS ’

repeat until single run

@ only stable sorts
~+ merge 2 adjacent runs

@ cost of merge := size of output
@ =~ memory transfers

e > #cmps

o total cost = total areaof ()

Sebastian Wild
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Mergesort meets Binary Search Trees

( )
( - ) |

( ) ( )

(15 172 19)[2 9 13)(7 mJ[1 4 & 10 14 23|[5 21][3 6 16 18 20 22
Merge cost = total areaof ()
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Mergesort meets Binary Search Trees

Q

(15 172 19)[2 9 13)(7 mJ[1 4 & 10 14 23|[5 21][3 6 16 18 20 22

Merge cost = total areaof ()

= total length of paths to all array entries
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Mergesort meets Binary Search Trees

Merge cost = total areaof ()

= total length of paths to all array entries
= weighted external path length

Zweight(w) - depth(w)

w leaf
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Mergesort meets Binary Search Trees

Merge cost = total areaof ()

= total length of paths to all array entries
= weighted external path length

Zweight(w) - depth(w)

w leaf

optimal merge tree run lengths
= optimal BST for leaf weights Ll, L.
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Mergesort meets Binary Search Trees

Merge cost = total areaof ()

= total length of paths to all array entries
= weighted external path length

Zweight(w) - depth(w)

w leaf

optimal merge tree run lengths
= optimal BST for leaf weights Ll, L.

~ merge cost > Hn with H = Z logz<;>
1
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Mergesort meets Binary Search Trees

Merge cost = total areaof ()

= total length of paths to all array entries
= weighted external path length

Zweight(w) - depth(w)

w leaf

How to compute good merge tree?

optimal merge tree run lengths
= optimal BST for leaf weights Ll, L.

~ merge cost > Hn with H = Z logz<;>
1
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Mergesort meets Binary Search Trees

How to compute good merge tree?

@ Huffman merge
e merge shortest runs
2 2 3 2 6 2 6

Merge cost = total areaof ()

= total length of paths to all array entries
= weighted external path length

Zweight(w) - depth(w)

w leaf

optimal merge tree run lengths
= optimal BST for leaf weights Ll, L.

~ merge cost > Hn with H = Z logz<;>
1

Sebastian Wild Quicksort, Timsort, Powersort 2025-03-04



Mergesort meets Binary Search Trees

How to compute good merge tree?

@ Huffman merge
e merge shortest runs<—
indep. discovered 5x
e must sort lengths « Burge 1958
o Golin & Sedgewick 1993
o Takaoka 1998
, not stable . B‘:ut‘:yia Navarro 2009
e Chandramouli & Goldstein 2014
2 2 3 2 6 2 6

Merge cost = total areaof ()

= total length of paths to all array entries
= weighted external path length

Zweight(w) - depth(w)

w leaf

optimal merge tree run lengths
= optimal BST for leaf weights Ll, L.

~ merge cost > Hn with H = Z logz<;>
1
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Mergesort meets Binary Search Trees

How to compute good merge tree?

@ Huffman merge
e merge shortest runs<—
indep. discovered 5x
e must sort lengths « Burge 1958
o Golin & Sedgewick 1993
o Takaoka 1998
, not stable . B‘:ut‘:yia Navarro 2009
e Chandramouli & Goldstein 2014
2 2 3 2 6 2 6

@ Hu-Tucker merge

Merge cost = totalareaof () _ e optimal alphabetic tree
= total length of paths to all array entries

= weighted external path length

Zweight(w) - depth(w)

w leaf

e have to store lengths
% complicated algorithm

optimal merge tree run lengths
= optimal BST for leaf weights Ll, L.

~ merge cost > Hn with H = Z logz<;>
1
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Mergesort meets Binary Search Trees

Merge cost = total areaof ()

= total length of paths to all

array entries

= weighted external path length

Zweight(w)

w leaf

- depth(w)

optimal merge tree run lengths

= optimal BST for leaf weights L1,

, Ly

~» merge cost > Hn with H = Z log, < n )

Sebastian Wild
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How to compute good merge tree?

@ Huffman merge

e merge shortest runs<—

indep. discovered 5x

e must sort lengths « Burge 1958
o Golin & Sedgewick 1993
, not stable o Takaoka 1998

® Barbay & Navarro 2009
e Chandramouli & Goldstein 2014

@ Hu-Tucker merge

\II

-O-
AV AY
=

e optimal alphabetic tree
e have to store lengths
% complicated algorithm

...70s are calling

nearly-optimal BST merge

e simple (greedy) linear-time methods!
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Mergesort meets Binary Search Trees

Merge cost = total areaof ()

= total length of paths to all

array entries

= weighted external path length

Zweight(w)

w leaf

- depth(w)

optimal merge tree run lengths

= optimal BST for leaf weights L1,

, Ly

~» merge cost > Hn with H = Z log, < n )

Sebastian Wild
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How to compute good merge tree?

@ Huffman merge

e merge shortest runs<—

indep. discovered 5x

e must sort lengths « Burge 1958
o Golin & Sedgewick 1993
, not stable o Takaoka 1998

® Barbay & Navarro 2009
e Chandramouli & Goldstein 2014

@ Hu-Tucker merge

\II

-O-
AV AY
=

e optimal alphabetic tree
e have to store lengths
% complicated algorithm

...70s are calling

nearly-optimal BST merge

e simple (greedy) linear-time methods!
e almost optimal (< H + 2)
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Mergesort meets Binary Search Trees

How to compute good merge tree?

@ Huffman merge
e merge shortest runs<—
indep. discovered 5x
e must sort lengths « Burge 1958
o Golin & Sedgewick 1993
o Takaoka 1998
, not stable . B‘:ut‘:yia Navarro 2009
e Chandramouli & Goldstein 2014
2 2 3 2 6 2 6

@ Hu-Tucker merge
Merge cost = totalareaof () _ e optimal alphabetic tree
= total length of paths to all array entries
. e have to store lengths
= weighted external path length
Zweight(w) - depth(w) '
w leaf _‘O’. .
A/ nearly-optimal BST merge

run ]engths

% complicated algorithm

...70s are calling

optimal merge tree

— optimal BST for leaf weights Lh L, e simple (greedy) linear-time methods!

e almost optimal (< H + 2)
n i@ have to store lengths
merge cost > Hn with H = lo
- 8 Z 82 L1 i@ extra scan to detect runs

2025-03-04

Quicksort, Timsort, Powersort

Sebastian Wild



Mergesort meets Binary Search Trees

How to compute good merge tree?

@ Huffman merge
e merge shortest runs<—
indep. discovered 5x
e must sort lengths « Burge 1958
o Golin & Sedgewick 1993
o Takaoka 1998
, not stable . B‘:ut‘:yia Navarro 2009
e Chandramouli & Goldstein 2014
2 2 3 2 6 2 6

@ Hu-Tucker merge
Merge cost = totalareaof () _ e optimal alphabetic tree
= total length of paths to all array entries
. e have to store lengths
= weighted external path length
Zweight(w) - depth(w) '
w leaf _‘O’. .
A/ nearly-optimal BST merge

run ]engths

% complicated algorithm

...70s are calling

optimal merge tree

— optimal BST for leaf weights Lh L, e simple (greedy) linear-time methods!

e almost optimal (< H + 2)
n i@ have to store lengths
merge cost > Hn with H = lo
- 8 Z 82 L1 i@ extra scan to detect runs

} avoidable!
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The Bisection Method

@ Powersort is based on the bisection method

Mehlhorn: A best possible bound for the weighted path length of
binary search trees, SIAM J Comp 1977

@ Intuition:
“Round” to a perfectly balanced binary tree
e Pretend array is interval [0, 1]
e Find run boundaries closest to middle

e Recurse on both sides
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@ Powersort is based on the bisection method | 1{ 2 |

Mehlhorn: A best possible bound for the weighted path length of ; —
binary search trees, SIAM J Comp 1977 I ) [ ]U D

@ Intuition: ( ) )( l
“Round” to a perfectly balanced binary tree '

e Pretend array is interval [0, 1]
e Find run boundaries closest to middle

e Recurse on both sides
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The Bisection Method

. . . 1
@ Powersort is based on the bisection method | { 2 |
Mehlhorn: A best possible bound for the weighted path length of g ............ JE—
binary search trees, SIAM J Comp 1977 I ) [ ]U D
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“Round” to a perfectly balanced binary tree
e Pretend array is interval [0, 1]
e Find run boundaries closest to middle

e Recurse on both sides
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The Bisection Method

@ Powersort is based on the bisection method

Mehlhorn: A best possible bound for the weighted path length of
binary search trees, SIAM J Comp 1977

@ Intuition:
“Round” to a perfectly balanced binary tree

e Pretend array is interval [0, 1]

no node created

. 0 |
T T 1 1
e Find run boundaries closest to middle split out of rangel Z’DD
e Recurse on both sides : : :
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binary search trees, SIAM J Comp 1977
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@ Intuition: A

“Round” to a perfectly balanced binary tree

e Pretend array is interval [0, 1]

e Find run boundaries closest to middle

split out of rang
no node create;

e Recurse on both sides
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The Bisection Method

@ Powersort is based on the bisection method

Mehlhorn: A best possible bound for the weighted path length of ]U D
binary search trees, SIAM J Comp 1977
/4 |
1
@ Intuition: R

“Round” to a perfectly balanced binary tree

e Pretend array is interval [0, 1]

e Find run boundaries closest to middle

split out of rang
no node create;

e Recurse on both sides

@ Up next: Don't use recursion!
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@ (virtual) perfect balanced binary tree
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@ (virtual) perfect balanced binary tree

@ midpoint intervals “snap” to closest virtual tree node
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@ (virtual) perfect balanced binary tree

@ midpoint intervals “snap” to closest virtual tree node
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@ (virtual) perfect balanced binary tree

@ midpoint intervals “snap” to closest virtual tree node
~ assigns each run boundary a depth
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@ (virtual) perfect balanced binary tree

@ midpoint intervals “snap” to closest virtual tree node
~ assigns each run boundary a depth = its power
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Run-Boundary Powers
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@ (virtual) perfect balanced binary tree

@ midpoint intervals “snap” to closest virtual tree node
~ assigns each run boundary a depth = its power

~ merge tree follows virtual tree
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@ (virtual) perfect balanced binary tree

@ midpoint intervals “snap” to closest virtual tree node
~ assigns each run boundary a depth = its power

~ merge tree follows virtual tree
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@ (virtual) perfect balanced binary tree

@ midpoint intervals “snap” to closest virtual tree node
~ assigns each run boundary a depth = its power

~ merge tree follows virtual tree
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Run-Boundary Powers are Local

Computation of powers only depends on two adjacent runs.
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Powersort

1 def powersort(lst)

2 i =0; n= len(lst)

3 runs = [];

4 j = extend_run(lst, i) ! | i i i i

5 runs.append((i,j-1,0)); i = j 3 i | 1 1 Lot

6 while i < n: ! }2 (_"_1 ) i i
.o . | 1 ) !

7 j = extend_run(lst, i) : — —

8 p = power(runs([-1], (i,j-1i), n) L3 3 3 300

9 while p <= runs[-1][2] 4 4 4 i 4 4 i 4 4 i 4

10 merge_topmost_2(1lst, runs) (o

1 runs.append((i,j-i,p)); i = j

12 while len(runs) >= 2:

13 merge_topmost_2(lst, runs)

full code:

tiny.cc/timsort

s 26 0 o offis 9 (s 5 6 7 8 9 o is s (1 2
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Powersort

runi
0
1 def powersort(lst)
2 i =0; n= len(lst) L2 Jo " < " d IE]
o runs = I
4 j = extend_run(lst, i) run stack ! | 3 | b
5 runs.append((i,j-i,0)); i = j i i | 1 | Lo
6 while i < n: ! }2 ¢ ]‘ 5 i i
7 j = extend_run(lst, i) | H y(_.._] !
8 p = power(runs[-1], (i,j-i), n) |3 3 3 30
9 while p <= runs[-1][2] 4 4 4 i 4 4 i 4 4 i 4
10 merge_topmost_2(1lst, runs) 1
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)
full code:

tiny.cc/timsort

w526 0 o offis 9 (s 5 6 7 8 9 s is is (1 2
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0 3 2
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6 while i < n: ! }2 ¢ ]‘ 5 i i
7 j = extend_run(lst, i) | H y(_.._] !
8 p = power(runs[-1], (i,j-i), n) |3 3 3 30
9 while p <= runs[-1][2] 4E 4! 4/ /B4 Y 4
10 merge_topmost_2(1lst, runs) 1
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
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8 p = power(runs[-1], (i,j-i), n) |3 3 3 30
9 while p <= runs[-1][2] 4 4 4 i 4 4 i 4 4 i 4
10 merge_topmost_2(1lst, runs) 1
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full code:
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Powersort

runl run2
1 def powersort(lst) c-2 0 5 :
2 i =0; n = len(lst) b-3 %4 La o)l d IE]
3 runs = []; a-0 merge
4 j = extend_run(lst, i) run stack ! | 3 | b
5 runs.append((i,j-1,0)); i = j 3 i ! 1 1 o
6 while i < n: ! }2 ¢ ]‘ ) Lo
| 1
7 j = extend_run(lst, i) | H y(_.._] !
8 p = power(runs[-1], (i,j-i), n) L3 3 3 30
9 while p <= runs[-1][2] 4E 4! 4/ /B4 Y 4
10 merge_topmost_2(1lst, runs) 1
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)
full code:

tiny.cc/timsort
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Powersort

run2
1 def powersort(lst) 0 2 l
2 i =0; n= len(lst) I ab Ce || d IE]
3 runs = [];
4 j = extend_run(lst, i) ! l i l i i
5 runs.append((i,j-1,0)); i = j 3 i ! 1 1 o
6 while i < n: ! }2 ¢ ]‘ 5 i i
7 j = extend_run(lst, i) | H y(_.._] !
8 p = power(runs[-1], (i,j-i), n) |3 3 3 30
9 while p <= runs[-1][2] 4E 4 3 4/ /B4 Y 4
10 merge_topmost_2(1lst, runs) 1
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)

full code:
tiny.cc/timsort (::D
-
snvuposimonlseresnmnsusenpiy
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Powersort

ruiﬂ run2

0 2 1

1 def powersort(lst)

2 i =0; n= len(lst) I ab e X d “el
3 runs = [];

4 j = extend_run(lst, i) ! l i l i i
5 runs.append((i,j-i,0)); i = j i i | 1 | Lo
6 while i < n: ! }2 ¢ ]‘ 5 i i
7 j = extend_run(lst, i) | H y(_.._] !
8 p = power(runs[-1], (i,j-i), n) L3 3 3 30
9 while P <= runs [_1] [2] 4 4 4 (] 4 4 (] 4 4 (] l4:
10 merge_topmost_2(1lst, runs) 1
1 runs.append((i,j-i,p)); i = j

12 while len(runs) >= 2:

13 merge_topmost_2(lst, runs)

full code:
tiny.cc/timsort (::D
-
snvuposimonlseresnmnsusenpiy
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Powersort

ruiﬂ run2

) 0 2 1

1 def powersort(lst) d-1

2 i =0; n= len(lst) c-2 I ab e X d “el
3 runs = []; ab-0

4 j = extend_run(lst, i) run stack ! | 3 | b
5 runs.append((i,j-1,0)); i = j 3 i ! 1 1 o
6 while i < n: ! }2 ¢ ]‘ 5 i i
7 j = extend_run(lst, i) | H y(_.._] !
8 p = power(runs[-1], (i,j-i), n) |3 3 3 30
9 while p <= runs[-1][2] 4E 4 3 4/ /B4 Y 4
10 merge_topmost_2(1lst, runs) 1
1 runs.append((i,j-i,p)); i = j

12 while len(runs) >= 2:

13 merge_topmost_2(lst, runs)

full code:
tiny.cc/timsort (::D
-
snvuposimonlseresnmnsusenpiy
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Powersort

ruiﬂ run2

) 0 2 1

1 def powersort(lst) d-1

2 i =0; n = len(lst) c-20 I ab e X d “el
3 runs = []; ab-0

4 j = extend_run(lst, i) run stack ! | 3 | b
5 runs.append((i,j-1,0)); i = j 3 i ! 1 1 o
6 while i < n: ! }2 ¢ ]‘ 5 i i
7 j = extend_run(lst, i) | H y(_.._] !
8 p = power(runs[-1], (i,j-i), n) |3 3 3 30
9 while p <= runs[-1][2] 4E 4 3 4/ /B4 Y 4
10 merge_topmost_2(1lst, runs) 1
1 runs.append((i,j-i,p)); i = j

12 while len(runs) >= 2:

13 merge_topmost_2(lst, runs)

full code:
tiny.cc/timsort (::D
-
snvuposimonlseresnmnsusenpiy
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Powersort

runi run2
1 def powersort(lst) (a-1) ° ? J
2 i = 0; n = len(lst) c-20 I ab e d Jele]
3 runs = []; ab-0 merge
4 j = extend_run(lst, i) run stack i | 3 | o
5 runs.append((i,j-1,0)); i = j 3 i ! 1 1 i i
6 while i < n: ! 32 (_"_:! 5 i i
7 j = extend_run(lst, i) i — [ —T
8 p = power(runs([-1], (i,j-1i), n) |3 3 3 300
9 while p <= runs[-1][2] 4E 4 3 4/ /B4 Y i4i
10 merge_topmost_2(1lst, runs) 1
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)

full code:
tiny.cc/timsort (::D
-
swvuposmonlseresnmnsusenpiy
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Powersort

run2
0 1
1 def powersort(lst)
. i=0;n-= len(lst) ) el d Jelle)
» rums = [0
4 j = extend_run(lst, i) run stack ! | 3 | b
5 runs.append((i,j-i,0)); i = j i i | 1 | Lo
6 while i < n: ! }2 ¢ ]‘ 5 i i
7 j = extend_run(lst, i) | H y(_.._] !
8 p = power(runs[-1], (i,j-i), n) L3 3 3 30
9 while p <= runs[-1][2] 4 4 4 i 4 4 i 4 4 i 4
10 merge_topmost_2(1lst, runs) 1
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)
full code:

tiny.cc/timsort

-
snvupasmonlseresnmnsusenpiy
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Powersort

runl run2
1 def powersort(lst) 0 ! 2
. i=0; 1= len(lst) o) | i I 2 Jel 2]
» rums = [0
4 j = extend_run(lst, i) run stack ! | 3 | b
5 runs.append((i,j-1,0)); i = j 3 i ! 1 1 o
6 while i < n: ! }2 ¢ ]‘ 5 i i
7 j = extend_run(lst, i) | H y(_.._] !
8 p = power(runs[-1], (i,j-i), n) |3 3 3 30
9 while P <= runs [_1] [2] 4 4 4 (] 4 4 (] 4 4 (] l4 :
10 merge_topmost_2(1lst, runs) 1
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)

full code:

tiny.cc/timsort

-
snvupasmonlseresnmnsusenpiy
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Powersort

runi run2
1 def powersort(lst) e—2 0 ! 2
2 i =0; n= len(lst) d-1 I abe I d Jel fl
3 runs = []; abc - 0
4 j = extend_run(lst, i) run stack ! | 3 | b
5 runs.append((i,j-1,0)); i = j 3 i ! 1 1 o
6 while i < n: ! }2 ¢ ]‘ 5 i i
7 j = extend_run(lst, i) | H y(_.._] !
8 p = power(runs[-1], (i,j-i), n) |3 3 3 30
9 while p <= runs[-1][2] 4E 4 3 4/ /B4 Y 4
10 merge_topmost_2(1lst, runs) 1
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)

full code:

tiny.cc/timsort

-
snvupasmonlseresnmnsusenpiy
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Powersort

run2

runTl
1 def powersort(lst) e—2 0 ! 214
2 i =0; n= len(lst) d-1 I abe " d lelL2
3 runs = []; abc - 0
4 j = extend_run(lst, i) run stack ! | 3 | b
5 runs.append((i,j-1,0)); i = j 3 i ! 1 1 o
6 while i < n: ! }2 ¢ ]‘ 5 i i
7 j = extend_run(lst, i) | H y(_.._] !
8 p = power(runs[-1], (i,j-i), n) |3 3 3 30
9 while p <= runs[-1][2] 4E 4 3 4/ /B4 Y 4
10 merge_topmost_2(1lst, runs) 1
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)

full code:
tiny.cc/timsort

-
snvupasmonlseresnmnsusenpiy
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Powersort

run2
ﬁ runTl

1 def powersort(lst) e—2 0 ! 214
2 i =0; n= len(lst) d-1 I abe " d lelL2
3 runs = []; abc - 0
4 j = extend_run(lst, i) run stack ! | i | 3 3
5 runs.append((i,j-i,0)); i = j | i | 1 | Lo
6 while i < n: ! }2 ¢ ]‘ ) Lo

I I
7 j = extend_run(lst, i) | H y(_.._] !
8 p = power(runs[-1], (i,j-i), n) L3 3 3 30
9 while P <= runs [_1] [2] 4 4 4 (] 4 4 (] 4 4 (] l4 :
10 merge_topmost_2(1lst, runs) 1
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)

full code:

tiny.cc/timsort

-
snvupasmonlseresnmnsusenpiy
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Powersort

-4
0 1 24
1 def powersort(lst) e—2
2 i =0; n= len(lst) d-1 I abe " d IE]
3 runs = []; abc - 0
4 j = extend_run(lst, i) run stack ! | 3 | b
5 runs.append((i,j-1,0)); i = j 3 i ! 1 1 o
6 while i < n: ! }2 ¢ ]‘ 5 i i
7 j = extend_run(lst, i) | H y(_.._] !
8 p = power(runs[-1], (i,j-i), n) L3 3 3 30
9 while p <= runs[-1][2] 4 4 4 i 4 4 i 4 4 i 4
10 merge_topmost_2(1lst, runs) 1
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)
full code:

tiny.cc/timsort

-
snvupasmonlseresnmnsusenpiy
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Powersort

-4
0 1 24
1 def powersort(lst) e—2
2 i =0; n= len(lst) d-1 I abe " d IE]
3 runs = []; (20 ] erge-down phase o
4 j = extend_run(lst, i) run stack ! i ! i Lo
5 runs.append((i,j-1,0)); i = j 3 i ! 1 1 o
6 while i < n: ! }2 ¢ ]‘ 5 i i
7 j = extend_run(lst, i) | H y(_.._] !
8 p = power(runs[-1], (i,j-i), n) L3 3 3 30
9 while p <= runs[-1][2] 4 4 4 i 4 4 i 4 4 i 4
10 merge_topmost_2(1lst, runs) 1
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)
full code:

tiny.cc/timsort

-
snvupasmonlseresnmnsusenpiy
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Powersort

-4
0 1 24
1 def powersort(lst) e—2
2 i =0; n= len(lst) d-1 I abe " d IE]
3 runs = []; abc -0 merge-down phase‘ rr‘wer‘ge
4 j = extend_run(lst, i) run stack ! i ! i Lo
5 runs.append((i,j-1,0)); i = j | i ! 1 i o
6 while i < n: ! }2 ¢ ]‘ ) Lo
| 1
7 j = extend_run(lst, i) | H y(_.._] !
8 p = power(runs[-1], (i,j-i), n) L3 3 3 30
9 while P <= runs [_1] [2] 4 4 4 (] 4 4 (] 4 4 (] l4 :
10 merge_topmost_2(1lst, runs) 1
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)
full code:

tiny.cc/timsort

-
snvupasmonlseresnmnsusenpiy
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Powersort

1 def powersort(lst) of — 2 ol - |1| 3 ﬁ - l
2 i =0; n= len(lst) d-1 apbc e
3 runs = []; (2 0] erge-down phase o
4 j = extend_run(lst, i) run stack ! i ! i Lo
5 runs.append((i,j-i,0)); i = j i i | 1 | Lo
6 while i < n: ! }2 ¢ ]‘ 5 i i
7 j = extend_run(lst, i) | H y(_.._] !
8 p = power(runs([-1], (i,j-1i), n) i3 3 3 300
9 while P <= runs [_1] [2] 4 4 4 (] 4 4 (] 4 4 (] l4 :
10 merge_topmost_2(1lst, runs) 1
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)

full code:

tiny.cc/timsort

-
2526 07 agor o o3 w9 2e(4 5 e 7 s 9 o 2 3 s 06 3]0 2]
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Powersort

1 def powersort(lst) (ez-2)° y 2
2 i = 0; n = len(lst) d—1 I elie I d JLet )
3 runs = []; (abe =0 ) * erge-down phase, merge D
4 j = extend_run(lst, i) run stack ! | ! } Lo
5 runs.append((i,j-1,0)); i = j i i | 1 1 .
6 while i < n: i 32 (_"_:! 5 i i
7 j = extend_run(lst, i) i — [ —T
8 p = power(runs[-1], (i,j-i), n) |3 3 3 30
9 while p <= runs[-1][2] 4E 4 3 4/ /B4 Y i4i
10 merge_topmost_2(1lst, runs) 1
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)

( ) )
full code:

tiny.cc/timsort

-
2526 07 agor o o3 w9 2e(4 5 e 7 s 9 o 2 3 s 06 3]0 2]
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Powersort

1 def powersort(lst) ol - |1| o

2 i = 0; n = len(lst) = =

3 runs = [1; merge-down phase o

4 j = extend_run(lst, i) run stack ! ! } Lo

5 runs.append((i,j-1,0)); i = j 3 i ! 1 1 o

6 while i < n: ! }2 € 3 ) Lo
| 1

7 j = extend_run(lst, i) | H y(_.._] !

8 p = power(runs[-1], (i,j-i), n) |3 3 3 30

9 while p <= runs[-1][2] 4E 4 3 4/ /B4 Y 4

10 merge_topmost_2(1lst, runs) 1

1 runs.append((i,j-i,p)); i = j

12 while len(runs) >= 2:

13 merge_topmost_2(lst, runs)

full code:
tiny.cc/timsort

sxy 2a||21 2819 N4 56789 NNNBUIBIE 17|

Sebastian Wild Quicksort, Timsort, Powersort 2025-03-04


http://tiny.cc/timsort

Powersort

1 def powersort(lst) ol - |1| o

2 i =0; n=1len(lst) def — 1 2 °

3 runs = []; (abc -0 merge—down phase merge o

4 j = extend_run(lst, i) run stack ! ! } Lo

5 runs.append((i,j-1,0)); i = j 3 i ! 1 1 o

6 while i < n: ! }2 ¢ i ) Lo
| 1

7 j = extend_run(lst, i) | H y(_.._] !

8 p = power(runs[-1], (i,j-i), n) |3 3 3 30

9 while p <= runs[-1][2] 4E 4 3 4/ /B4 Y 4

10 merge_topmost_2(1lst, runs) 1

1 runs.append((i,j-i,p)); i = j

12 while len(runs) >= 2:

13 merge_topmost_2(lst, runs)

full code:
tiny.cc/timsort

sxy 2a||21 2819 N4 56789 NNNBUIBIE 17|
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Powersort

1 def powersort(lst) 0

2 i =0; n= len(lst) I abcdef

. runs = [1;

4 j = extend_run(lst, i) run stack i | 3 | o
5 runs.append((i,j-1,0)); i = j 3 i ! 1 1 i i
6 while i < n: ! 32 (_"_:! 5 i i
7 j = extend_run(lst, i) i — [ —T
8 p = power(runs([-1], (i,j-1i), n) |3 3 3 300
9 while p <= runs[-1][2] 4E 4 3 4/ /B4 Y i4i
10 merge_topmost_2(1lst, runs) 1
1 runs.append((i,j-i,p)); i = j

12 while len(runs) >= 2: ( @) )
13 merge_topmost_2(lst, runs) X

full code:
tiny.cc/timsort

sxy 2a||21 2819 N4 56789 NNNBUIBIE 17|
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Computing powers

@ Computing the power of — bl ———
(run boundary between) two runs ( | ]

I. B '
. . . . ag i i
e & = normalized midpoint interval ! b:
. ) I
e power = min ¢ s.t. & o !.
. ) 1 Pi g 1
contains ¢ - 27 . i i ‘ ‘
0 < 22— P — >
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Computing powers

@ Computing the power of — g ——— i —
(run boundary between) two runs é[ .
e & = normalized midpoint interval a:iE ' b]:‘
. [} I
e power = min U.s.t. ﬁu oy |
contains ¢ - 2 . P iy ‘ ‘
0 < 22— P — >

def power(runl, run2, n):

1
2 il, nl = runi

3 i2, n2 = run2

4 A =2 % il + nl # A4 =2na;
5 B =A+nl + n2 # B = 2nb;
6 p=0

7 while True:

8 pt+=1

9 if A >= n:

10 A -=n; B-=n

1 elif B >= n:

12 break

13 A<= 1; B<=1

14 return p

@ with bitwise trickery O(1) time possible
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Computing powers

@ Computing the power of — g ——— i —
(run boundary between) two runs ( | ]

1 B
. . . . a; i 1
e & = normalized midpoint interval :E b!:
wer = min £ s.t. i i
] = L
powe s 1, Rl
contains ¢ - 2 ) '. | ) )
0 «~— 2P ——

def power(runl, run2, n):

1
2 il, nl = runi

3 i2, n2 = run2

4 A=2x%x il + nil # A =2naq;
5 B =A+nl + n2 # B = 2nb;
6 p=0

7 while True:

8 pt+=1

9 if A >= n:

10 A -=n; B-=n

1 elif B >= n:

12 break

13 A<= 1; B<=1

14 return p

@ with bitwise trickery O(1) time possible
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Mergecost Analysis

@ Given: input with runs Rq,...,R; of
lengths Ly,...,L,; n=L;+---+L,

@ Mergecost: M = Z L; - depth(Ry)

r=1
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Mergecost Analysis

@ Given: input with runs Rq,...,R; of
lengths Ly,...,L,; n=L;+---+L,

@ Mergecost: M = Z L; - depth(Ry)

r=1

T
~ M < ZLi~l31, where P; = max{Pi,Pi 1}

r=1

P; = power of boundary between R; 7 and Ry, 1 =2,...,1
Py =Pry1 =0

4
[ Ry Ri IED Rit
| Py | Piir,
I JL J
N 4\ Ji
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Mergecost Analysis

@ Given: input with runs Ry,...,R; of ~+ To prove M < n(H + 2),
lengths Li,...,L;; n=L;+---+1L; it suffices to show:
v Pi < [logy () +1] < log,({+)+2
@ Mergecost: M = ZLi -depth(Ry) Pirr < [logy(¢5) +1] < logy (i) +2
r=1 t i

T
~ M < ZLi~l31, where P; = max{Pi,Pi 1}

r=1

P; = power of boundary between R; 7 and Ry, 1 =2,...,1
Py =Pry1 =0

LR Ry IEDRi+1

4
| Py | Piir,
I JL J
N 4\ Ji
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Mergecost Analysis

@ Given: input with runs Ry,...,R; of ~ Toprove M < n(H +2),
lengths Ly,...,L; n=L;+---+L, it suffices to show:
@ Mergecost: M = i L; - depth(Ry) Ezﬂ z sziggi 1 H z :zziggg 1;
r=1 i i
~ M < i]—i -P;, where P; = max{P;, Pi;1} ® by def. @ 227" Pise
r=1
P; - power of boundary between R 1 and Ry, i =2,...,7

Py =Py =0

LR Ry IEDRi+1

4
| Py | Piir,
I JL J
N 4\ Ji
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Mergecost Analysis

@ Given: input with runs Ry,...,R; of ~+ To prove M < n(H + 2),
lengths Li,...,L;; n=L;+---+1L; it suffices to show:
v Pi < [logy () +1] < log,({+)+2
@ Mergecost: M:ZLi-depth(Ri) Pir1 < [logy (&) +1] < logy (i) +2
r=1 N N
r |31
R R by def.: —— > 2P P; <
~ M < ZLi'Pi, where P; = max{Pi,Pi 1} ¢ byde n RSP
r=1 @ we have: || > L;/2
P; = power of boundary between R; 7 and Ry, 1 =2,...,1

Py =Py =0

T
1
]
1 ! 1 1
t — t
]
|
]
I

4
LR Ry IED Rit1
Py | Piir,
I JL J
Y 4\ Ji
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Mergecost Analysis

@ Given: input with runs Ry,...,R; of ~+ To prove M < n(H + 2),
lengths Li,...,L;; n=L;+---+1L; it suffices to show:
v Pi < [logy () +1] < log,({+)+2
@ Mergecost: M:ZLi-depth(Ri) Pi1 < “082(%)"’1] < log (LL)"'Z
r=1 t i
r [l
R R by def.: =—— >27P P; <
~ M < ZLi'Pi, where P; = max{Pi,Pi 1} ¢ byde n RSP
r=1 @ we have: || > L;/2
P; = power of boundary between R; 7 and Ry, 1 =2,...,1 ~ Pi < “082(1_1)] +1 ]

Py =Py =0

T
1
]
1 ! 1 1
t — t
]
|
]
I

4
LR Ry IED Rit1
Py | Piir,
I JL J
Y 4\ Ji
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Some performance data

Summary claims:

© Typical improvement from Powersort:
0-5% fewer comparisons; occasionally 20-60%.

(One can contrive inputs where Powersort does worse; seems inevitable)

@ No running time regressions: never measurably slower in actual running time

© Sometimes substantially faster (20-40%)

Sebastian Wild

Quicksort, Timsort, Powersort 2025-03-04
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Abstract cost measures

Timsort
Powersort

#icomparisons 1.05 +

Scatter plot of relative costs

/

1
Timsort better

@ Worse on 2-3%, but if so, only slightly.

/

@ On average, 3% fewer cmps and 5% less merge cost.

1.1 1.15 1.2
merge cost

Input: Runs of expected length v/m, n = 10°

Sebastian Wild
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Abstract cost measures

Scatter plot of relative costs

#icomparisons 1.05 +

Timsort
Powersort

/

/
1
Timsort better

@ Worse on 2-3%, but if so, only slightly.
@ On average, 3% fewer cmps and 5% less merge cost.

1.05 1.1 1.15 1.2

merge cost

Input: Tim’s mixture of long and short runs

Sebastian Wild

Quicksort, Timsort, Powersort 2025-03-04



Running times

Average running times ——

Powersort fag

Q)
(@)
©

bad-example-cmps
bad-example-cmps-1im
bad-example-cmps-1m2
bad-example-mc
random-permutations
random-permutations2
random-sqrtn-runs
random-sqrtn-runs2
random-sqrtn-runs3
words-of-bible

@ CPython 3.11 with Powersort
resp. Timsort

@ selection of some “random”
inputs

@ most inputs ints
(cheap comparisons)

@ machine-dependent, but
qualitatively stable

Machine 1

Quicksort, Timsort, Powersort
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Running times

1.5

0.5

Average running times

Timsort

Powersort

Powersort faster

bad-example-cmps

[

bad-example-cmps-1im
bad-example-cmps-1m-2
bad-example-mc

92)
(@)

random-permutations

It

fast

random-permutations2

random-sqrtn-runs

er

random-sqrtn-runs2
random-sqrtn-runs3
words-of-bible

@ CPython 3.11 with Powersort
resp. Timsort

@ selection of some “random”
inputs

@ most inputs ints
(cheap comparisons)

@ machine-dependent, but
qualitatively stable

Machine 2

Sebastian Wild

Quicksort, Timsort, Powersort

2025-03-04



Bonus: Powersort in Databases

@ in the context of databases,
adaptive sorting not as widely used

@ but tricks to avoid costly or redundant
comparisons are widely adopted

e normalized keys

e offset-value coding

Sebastian Wild Quicksort, Timsort, Powersort 2025-03-04



Bonus: Powersort in Databases

Time as function of presortedness

@ in the context of databases,
adaptive sorting not as widely used

@
o
]

—+— std::stable_sort
—m— std:sort

Powersort
—e— Powersort with OVC

. . Beooo T g et
@ but tricks to avoid costly or redundant § —, 8 400
. . +
comparisons are widely adopted 2 6000 2 — |y
€ £ ———
i £ < 400 ==
e normalized keys Q4000 e g
= o | =
. - °.
o offset-value coding 3 2000 \-\.\.\ Baoo ey i
Q ® Q ———e——¢
< ©
~ Can be combined, Wy Yoo
. h | . b f' ' 21 23 25 27 29 211 213 21 23 25 27 29 211
with cumulative benetit! Expected run length Expected run length
Kuhrt, Seeger, Wild, Graefe: Adaptive sorting for large keys, German words Database rows
strings, and database rows, BTW 2025
words from news articles database benchmark TPC(SF=1)
from Leipniz Corpora Collection normalized keys of catalog_sales
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Bonus: Multiway powersort

@ Timsort has been highly successful export from Python

POV LMBEOCH.
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Bonus: Multiway powersort

@ Timsort has been highly successful export from Python

E.v.g®s@nm

= now using Powersort merge pU|K\
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Bonus: Multiway powersort

@ Timsort has been highly successful export from Python

E-v 2Se0CM.

= now using Powersort merge pU|K\

@ In other contexts, comparisons can be much cheaper

~» need to economize on memory transfers*

~ can profit from multiway merging (instead of 2 runs at a time)
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Bonus: Multiway powersort

@ Timsort has been highly successful export from Python

..v 80

= now using Powersort merge pU|KV

@ In other contexts, comparisons can be much cheaper

~» need to economize on memory transfers*

~ can profit from multiway merging (instead of 2 runs at a time) Dual-Pivot Quicksort and Beyond

Analysis of Multiway Partitioning
and Its Practical Potential

Sebastian Wild
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